Abstract. From the viewpoint of higher homological algebra, we introduce pure semisimple n-abelian category, which is analogs of pure semisimple abelian category. Let Λ be an Artin algebra and M be an n-cluster tilting subcategory of M od-Λ. We show that M is pure semisimple if and only if each module in M is a direct sum of finitely generated modules. Let m be an n-cluster tilting subcategory of mod-Λ. We show that Add(m) is an n-cluster tilting subcategory of M od-Λ if and only if m has an additive generator if and only if M od(m) is locally finite. This generalizes Auslander's classical results on pure semisimplicity of Artin algebras.
Introduction
Higher Auslander-Reiten theory was introduced and developed by Iyama [14, 11] . It deals with n-cluster tilting subcategories of abelian categories, where n is a fixed positive integer. In this subcategories all short exact sequences are split, but there are nice exact sequences with n+2 objects. Recently, Jasso by modifying the axioms of abelian categories introduced n-abelian categories which are categories inhabited by certain exact sequences with n+2 terms, called n-exact sequences [16] . n-abelian categories are an axiomatization of n-cluster tilting subcategories. Jasso shows that any n-cluster tilting subcategory of an abelian category is n-abelian. Furthermore, he also shows that n-abelian categories satisfying certain mild assumptions can be realized as n-cluster tilting subcategories of abelian categories. There is also a derived version of the theory focusing on n-cluster tilting subcategories of triangulated categories [18] . These categories were formalized to the theory of (n + 2)-angulated categories by Geiss et al. [7] .
Although there are rich examples of n-cluster tilting subcategories, but constructing categories having an n-cluster tilting subcategory is one of the main direction of research in this subject which is a difficult task. On the other hand, since for the case n = 1 we have ordinary abelian and triangulated categories, it is natural to ask which properties of abelian and triangulated categories can be generalized to the context of n-abelian and n-angulated categories? For examples of these directions see [8, 9, 15, 17, 10] .
Purity for Grothendieck categories was extensively studied by Simson [23, 24] . Among other things he showed that a Grothendieck category A is pure semisimple if and only if each object of A is a direct sum of noetherian subobjects. In particular case, for a left artinian ring Λ the module category Mod-Λ is pure semisimple if and only if each left Λ-module is isomorphic to a direct sum of finitely generated modules. It is known that if Λ is a left artinian ring of finite representation type (i.e., there are only finitely many non-isomorphic finitely generated indecomposable Λ-modules) then Λ is pure semisimple. The converse of this fact is yet open, and is known as the pure semisimplicity conjecture. Nonetheless, Auslander in [2] proved that the pure semisimplicity conjecture is valid for Artin algebras. He also showed that an Artin algebra Λ is of finite representation type if and only if the functor Hom Λ (S, −) is finite for each simple object S in mod-Λ if and only if the functor Hom Λ (X, −) is finite for each X in mod-Λ if and only if Mod(mod-Λ) is locally finite, where Mod(mod-Λ) is the category of all additive covariant functors from mod-Λ to the category of abelian groups.
In this paper we generalize the above results for n-cluster tilting subcategories. First we define purity for compactly generated n-abelian categories and show that an n-cluster tilting subcategory M of Mod-Λ is pure semisimple if and only if each of its objects is a direct sum of finitely generated ones. Let m be an n-cluster tilting subcategory of mod-Λ, Herschend et al. called the pair (Λ, m) an n-homological pair [10] . We say that (Λ, m) is a pure semisimple n-homological pair, provided that Add(m) is an n-cluster tilting subcategory of Mod-Λ and we say that (Λ, m) is an n-homological pair of finite type if m has an additive generator. We show that an n-homological pair (Λ, m) is of finite type if and only if the functor Hom m (X, −) is finite for each X in m if and only if Hom Λ (S, −) is a finite object of Mod(m) for each simple object S in mod-Λ if and only if Mod(m) is locally finite. Also in our main result we show that an n-homological pair (Λ, m) is pure semisimple if and only if it is of finite type.
The paper is organized as follows. In section 2 we recall the definitions of n-abelian categories and n-cluster tilting subcategories and define purity for compactly generated n-abelian categories. Then we show that an n-cluster tilting subcategory M of Mod-Λ is pure semisimple if and only if every object of M is a direct sum of finitely generated objects. In section 3 we give a one direction of the main result, the theorem 3.6, which shows that any n-homological pair of finite type is pure semisimple. Finally, in the last section we give another direction of the main result, the theorem 4.12, which says that any pure semisimple n-homological pair is of finite type.
1.1. Notation. Throughout this paper n always denotes a fixed positive integer. Let Λ be an Artin algebra, we denote by Mod-Λ (resp., mod-Λ) the category of all (resp., finitely generated) left Λ-modules. For a Λ-module M we denote by pd(M) and id(M) its projective dimension and injective dimension, respectively. Also we denote by gl.dim(Λ) the global dimension of Λ. In this paper all categories are additive and subcategories are closed under direct summand. Let C be an additive category and X be a class of objects in C. We denote by Add(X ) (resp., add(X )) the full subcategory of C whose objects are direct summands of (resp., finite) direct sums of objects in X . Let C and D be two categories and F : C → D be a functor. We denote by F (C) the essential image of F , which is the full subcategory {D ∈ D | ∃C ∈ C; F (C) ≃ D} of D. For an additive category C, we denote by J C the Jacobson radical of C, where for each X, Y ∈ C
Pure semisimple n-abelian categories
In this section we recall the definitions of n-abelian category, n-cluster tilting subcategory and n-homological pair. For further information and motivation of definitions the readers are referred to [14, 11, 10, 16] . Also we define compactly generated n-abelian categories and pure semisimplicity for these categories. For an Artin algebra Λ we show that an n-cluster tilting subcategory M of Mod-Λ is a pure semisimple n-abelian category if and only if each objects of M is isomorphic to a direct sum of finitely generated objects of M.
2.1. n-Abelian categories. Let M be an additive category and d 0 :
of objects and morphisms in M such that for all Y ∈ M the induced sequence of abelian groups
is exact [16] . The concept of n-kernel of a morphism is defined dually.
Let n be a positive integer. An n-Abelian category is an additive category M which satisfies the following axioms: (A0) The category M is idempotent complete. (A1) Every morphism in M has an n-kernel and an n-cokernel.
0 , the following sequence is n-exact:
n , the following sequence is n-exact:
Motivating by the definition of the compact object in abelian categories [19, Definition 18] , we give the following definition. Definition 2.3. Let M be an n-abelian category with arbitrary direct sum. We call an object X ∈ M a compact object if any morphism from X to a nonempty coproduct ⊕ i∈I X i factors through some finite subcoproduct ⊕ k i=1 X i . We say that M is compactly generated if for every M ∈ M there is an epimorphism h : ⊕ i∈I X i → M where X i is compact for each i ∈ I. Now we are ready to define pure semisimple n-abelian categories.
Definition 2.4. Let M be a compactly generated n-abelian category.
(i) We say that an n-exact sequence
is pure n-exact if for every compact object Y , the induced sequence of abelian groups
is exact. In this case we say that X 0 → X 1 is pure monomorphism and X n → X n+1 is pure epimorphism. An object P of M is called pure projective if for every pure n-exact sequence
We say that M is pure semisimple if all objects of M are pure projective.
Remark 2.5. Let M be a compactly generated n-abelian category and P be an object of M. It is easy to see that P is pure projective if and only if for every pure epimorphism f : X n → X n+1 and every morphism g : P → X n+1 there existsf : P → X n such that the following diagram is commutative:
2. Pure semisimplicity of n-cluster tilting subcategories. In this subsection we first recall the definition of n-cluster tilting subcategories and then we give a characterization of pure semisimple n-cluster tilting subcategories.
Let A be an additive category. A subcategory M ⊆ A is called contravariantly finite if for every A ∈ A there exist an object M ∈ M and a morphism f : M → A such that for each N ∈ M the sequence of abelian groups
is exact. Such a morphism f is called a right M-approximation of A. The notion of covariantly finite subcategory and left M-approximation is defined dually. A functorially finite subcategory of A is a subcategory which is both covariantly and contravariantly finite in A [6] .
Recall that a subcategory M of an abelian category A is called generating if for every object X ∈ A there exist an object Y ∈ M and an epimorphism Y → X. The concept of cogenerating subcategory is defined dually. 
Note that A itself is the unique 1-cluster tilting subcategory of A.
Remark 2.7. Let A be an abelian category and M be an n-cluster tilting subcategory of A. Since M is a generating-cogenerating subcategory of A, for each A ∈ A, every left M-approximation of A is a monomorphism and every right M-approximation of A is an epimorphism.
The following result give a rich source of n-abelian categories. Proof. First we note that M is closed under arbitrary direct sum, because the functor Ext i (−, X) commute with direct sum. It is obvious that M ∩ mod-Λ ⊆ M 0 , for the converse inclusion let M 0 be a compact object in M which is not finitely generated. Since M 0 is not compact in Mod-Λ, there exists a morphism M 0 → ⊕ i∈I X i which is not factor through a finite subcoproduct. If for each i ∈ I we choose a left M-approximation X i → M i , then it is easy to see that the composition M 0 → ⊕ i∈I X i → ⊕ i∈I M i is not factor through a finite subcoproduct, which gives a contradiction. For the last part we note that the projective module Λ ∈ M 0 and the assertion follows. Now we are ready to state the main theorem of this section. For the proof of the above theorem we need the following lemma.
Lemma 2.11. Let M be an n-cluster tilting subcategory of Mod-Λ such that each module in M has a finitely generated direct summand. Then each module in M is isomorphic to a direct sum of finitely generated modules.
Proof. Let M 0 = M ∈ M be an arbitrary module. By assumption there is a finitely generated module X 1 and a module M 1 such that M ≃ X 1 ⊕ M 1 . Inductively we can choose a family of finitely generated modules {X i } i≥1 and a family of modules
with the obvious inclusion maps. It is clear that the direct system {Y k } k≥1 is a direct summand of the direct system {M} i≥1 which all maps are identity. Since Lim − − → as a functor preserve section maps, Lim − − → Y k ≃ ⊕ i≥1 X i is a direct summand of M. By the above argument and using the Zorn's lemma we can choose a family of finitely generated modules {X i } i∈I such that ⊕ i∈I X i is a direct summand of M and it is maximal with this property. Thus there exists a module N such that M ≃ (⊕ i∈I X i ) ⊕ N. By assumption N has a finitely generated direct summand N 0 . Therefore (⊕ i∈I X i ) ⊕ N 0 is a direct summand of M which give a contradiction. Thus M ≃ ⊕ i∈I X i . Now we are ready to proof the theorem 2.10.
Proof of Theorem 2.10. By the lemma 2.11, it is enough to show that every module in M has a finitely generated direct summand. Because M is closed under direct sums, for every module M ∈ M we have a pure epimorphism f : ⊕ i∈I X i → M, which X i is a finitely generated indecomposable Λ-module for each i ∈ I. Since M is pure projective, f is retraction. So we have an split short exact sequence
Let g = (g i ) i∈I : M → ⊕ i∈I X i be a section of f and β : ⊕ i∈I X i → N be a retraction of α. We claim that there exists i ∈ I such that f i : X i → M is a section. Assume that for each i ∈ I, f i :
On the other hand we have that 1 ⊕ i∈I X i = gf + αβ. Thus
Thus αβ is an isomorphism which is a contradiction. Definition 2.13. We say that an n-homological pair (Λ, m) is pure semisimple if Add(m) is an n-cluster tilting subcategory of Mod-Λ. Also we say that an n-homological pair (Λ, m) is of finite type if m has an additive generator.
3. n-homological pairs of finite type are pure semisimple
In this section we show that if (Λ, m) be an n-homological pair of finite type, then Add(m) is n-cluster tilting subcategory of Mod-Λ which is pure semisimple by the theorem 2.10. This shows that any n-homological pair of finite type is pure semisimple.
We recall some well known results that we will need in the rest of the paper. 
be the minimal injective resolution of Λ Λ, then every indecomposable injective Λ-module is isomorphic to a summand of I j for some j. Proof. By the theorem 3.3, gl.dim(Γ) ≤ n + 1. Let
be the minimal injective resolution of Γ Γ. By the lemma 3.1, every indecomposable injective Γ-module is isomorphic to a direct summand of I j for some j. So it is obvious that every injective Γ-module have a projective resolution that the first n + 1 terms are in Add(Q). Conversely, let X ∈ Mod-Λ such that in the projective resolution
of X, all P 0 , P 1 , ..., P n are projective-injectives. Since gl.dim(Γ) ≤ n + 1, X is injective and the result follows. Now we can prove the main result of this section. Proof. We show that Add(m) is an n-cluster tilting subcategory of Mod-Λ. Let M be an additive generator of m, Γ = End Λ (M) op and Q be a Γ-module such that Add(Q) is the category of all projective-injective Γ-modules. Then by the lemma 3.5 and theorem 3.3 we have
We claim that the essential image of the functor Hom Γ (Q, −) : Add(DΓ) → Mod-Λ is an n-cluster tilting subcategory of Mod-Λ. First we note that
So the essential image of the functor Hom Γ (Q, −) is Add(M). Therefore if we show the claim, the proof of the theorem is complete. Since M is n-rigid by assumption and Add(M) is functorially finite in Mod-Λ, by the lemma 3.4, it is enough to show that if
Since gl.dim(Γ) ≤ n + 1, Hom Λ (M, X) is a projective Γ-module. We know that any projective module over an Artin algebra is a direct sum of indecomposable projective modules. Indecomposable projective Γ-modules are of the form Hom Λ (M, M i ) such that M i is an indecomposable direct summand of M. Therefore
there exists a morphism h :
is the above isomorphism. We show that h : ⊕ i∈I M i → X is an isomorphism. First consider the exact sequence
where K is the kernel of h. Applying the functor Hom Λ (M, −) we conclude that K = 0 because M is a generating module and so h is a monomorphism. Now applying the functor Hom Λ (M, −) to the exact sequence
where C is the cokernel of h. We get an exact sequence
Since M is a generating module, C = 0. Thus h is an isomorphism and the result follows.
Motivated by the above theorem we pose the following question.
Question 3.7. Let Λ be an Artin algebra and m be an n-cluster tilting subcategory of mod-Λ. (i) Is there an n-cluster tilting subcategory M of Mod-Λ that contains m?
(ii) Assume that there exists an n-cluster tilting subcategory M of Mod-Λ that contains m. When we can describe the objects of M in terms of the objects of m?
4. pure semisimple n-homological pairs are of finite type
In this section we show that if an n-homological pair (Λ, m) is pure semisimple then (Λ, m) is of finite type.
4.1. The functor category. In this subsection we recall some preliminaries on functor category. For further information the reader is referred to [1, 3] .
Let (Λ, m) be an n-homological pair, we denote by Mod(m) the category of all additive covariant functors from m to the category of abelian groups. Objects of Mod(m) are called m-modules and for m-modules F 1 and F 2 we denote by Hom m (F 1 , F 2 ) the set of all natural transformations from F 1 to F 2 . It is known that Mod(m) is an abelian category. Kernels, cokernels, product, direct sum and exactness all defined pointwise. For each M ∈ mod-Λ we denote the functor Hom Λ (M, −) : m −→ Ab by (M, −). It is well known that for each M ∈ m, (M, −) is a projective object in Mod(m). For every F ∈ Mod(m) there exists an exact sequence
where X i and Y j are in m for each i, j. We recall that F is said to be finitely generated if the set J can be chosen to be finite, and F is said to be finitely presented if both the sets I and J can be chosen to be finite. In the other words F is finitely generated if and only if there is an epimorphism (X, −) → F → 0 with X ∈ m, and is finitely presented if and only if there is an exact sequence (Y, −) → (X, −) → 0 with X, Y ∈ m. Because m is idempotent complete the Yoneda functor P : m → Mod(m) induces an equivalence P : m → p(m) where p(m) is the category of all finitely generated projective m-modules.
Following [4] we say that an m-module F is noetherian (resp., artinian) if it satisfies the ascending (resp., descending) chain condition on submodules. We say that an m-module F is finite if it is both noetherian and artinian. A functor F is called simple if it is not zero and the only subfunctors of F are 0 and F . We use the following description of simple modules from [4] . Since an indecomposable object X ∈ m has a local endomorphism ring, the indecomposable projective object (X, −) has a unique maximal subfunctor denoted by J (X, −). Thus for any indecomposable object X ∈ m, the functor
is simple. Moreover, given any simple functor F ∈ Mod(m), there is a unique (up to isomorphism) indecomposable object X ∈ m such that
gives a bijection between the isomorphism classes of simple objects in Mod(m) and the isomorphism classes of indecomposable objects in m.
Let X be an indecomposable object in m. We recall that a morphism f : . We recall that if X be an indecomposable object in m, then there exists a left almost split morphism f : X → Y (see [14, Section 3.3 
.1]).
We now use the description of the simple m-modules to describe when a nonzero mmodule has a simple submodule.
Definition 4.4. ([4])
Let F be an m-module and X be an object in m (not necessarily indecomposable). An element x in F (X) is said to be universally minimal if x = 0 and has the property that given any morphism g : X → Y in m which is not a section, then F (g)(x) = 0. 
4.2.
The main theorem. In this subsection we prove the main theorem of this section. We begin with the following easy remark.
Remark 4.6. Let (Λ, m) be an n-homological pair. If I is a directed set and {X i , ϕ i j } i≤j is a direct system in m over I, since any Y ∈ m is finitely generated we have the following functorial isomorphism of abelian groups
If m is a pure semisimple n-cluster tilting subcategory of mod-Λ, then M = Add(m) is an n-cluster tilting subcategory of Mod-Λ. Let F : m → Ab be a functor, then obviously we can extend F to the functor, denote by F , from M to the category of abelian groups.
Lemma 4.7. Let (Λ, m) be an n-homological pair, I be a directed set, {X i , ϕ i j } i≤j be a direct system in m over I and F : m → Ab be an m-module. Then we have a functorial isomorphism
Proof. If we consider F as a functor from M = Add(m) to the category of abelian groups, then F has a projective resolution
By the remark 4.6, we have a functorial isomorphism
Hence the right-hand vertical morphism is an isomorphism, which proves the lemma.
We need the following well known technical lemma. The following lemma is the key step for proving the main theorem of this section. Proof. By the proposition 4.5 it is enough to show that there is an object Z in m and a universally minimal element z ∈ F (Z). Since F is a nonzero functor, there is an indecomposable object X in m such that F (X) = 0. Choose a nonzero element x ∈ F (X). We show that there is a morphism h : X → Z such that F (h)(x) in F (Z) is universally minimal. Consider the following set Ω = {f : X → Y | Y is an indecomposable object in m and F (f )(x) = 0}.
Let f 1 : X → Y 1 and f 2 : X → Y 2 be two elements of Ω. We define the following relation in Ω.
It is easy to check that is a partial order relation. We show that Ω satisfies the assumptions of the Zorn's lemma. First Ω = ∅ because Id X ∈ Ω. Now assume that
Since m is pure semisimple, there is a family of indecomposable objects {Z j } j∈J in m such that Y ≃ ⊕ j∈J Z j . By the lemma 4.7, F commute with direct limit and specially with direct sums. Then we have an isomorphism
Applying F we have a direct limit diagram
For every i ∈ I, set y i = F (f i )(x) ∈ F (Y i ). By properties of direct limit for every s, t ∈ I we know that F (λ s )(y s ) = F (λ t )(y t ). Put z = F (λ s )(y s ) = F (λ t )(y t ). By the lemma 4.8, z is a nonzero element of ⊕ j∈J F (Z j ). Thus there is at least one j ∈ J such that F (p j )(z) = 0, where p j : ⊕ j∈J F (Z j ) → Z j is the canonical projection. Now we set h = p j g : X → Z j , where g = λ s f s for some s ∈ I. It is easy to check that F (h)(x) = 0, and h : X → Z j is an upper bound for the chain {f i : X → Y i } i∈I . Thus Ω satisfies the assumptions of the Zorn's lemma. We choose the maximal element f : X → Z of Ω, then F (f )(x) is a universally minimal element in F (Z).
For the proof of the next theorem we need the following lemma. Proof. See the proposition 1.9 and the theorem 2.12 of [4] .
The following theorem is a higher dimensional analogue of the theorem 3.1 of [4] . Note that for the technical reasons we work with the covariant functors instead of the contravariant functors. Does any n-cluster tilting subcategory of mod-Λ with n ≥ 2 have an additive generator? By the theorem 4.12, Iyama's question is equivalent to the following question: Does any n-homological pair with n ≥ 2 is pure semisimple? It is obvious that the positive answer of this question will answer positively the question 3.7(i).
Recall that the first Brauer-Thrall conjecture asserts that, any Artin algebra is either representation-finite or there exist indecomposable modules with arbitrarily large length. By using the Gabriel-Roiter measure, Roiter proved the first Brauer-Thrall conjecture for finite dimensional algebras [21] . Auslander by using the Auslander-Reiten quiver and the Harada-Sai lemma proved the conjecture for Artin algebras [4] .
We say that an n-homological pair (Λ, m) is of bounded length if the lengths of the finitely generated indecomposable left Λ-modules which are contained in m are bounded.
The following theorem is a higher dimensional analogue of the first Brauer-Thrall conjecture. The proof of the following theorem is an easy adaptation of the proof of the first Brauer-Thrall conjecture (see section 2.3 of [20] ), so we omit the proof. 
acknowledgements
The research of the second author was in part supported by a grant from IPM (No. 98170412).
